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Q Parts Elements of solution 

I 

A 

2

21
1

legleg
A


 ABC is right at A (given) 

2

ACAB
  

   
2

112 


xx
 

  22

1 1 cmxA   

widthlengthA 2 DEFG is a rectangle (given) 

  334  xx  

  22

2 34 cmxA   

But, 21 AA  (given) 

So,    22
134  xx  

Which is a 2
nd

 degree eqn in one unknown  
To solve it: we equate to zero then factorize 

    0134
22
 xx  

          0132132  xxxx  

   0537  xx  
If the product of two factors is zero then at least one 

of them is zero 

So,     05307  xorx  

Hence, 
3

5
7  xorx  

But, 3x (given) 

Thus, 7x is accepted &
3

5
x is rej. 

B 

1 

a 

4

618

2

3

4

1

1

2

2

3

4

1
2






x

 

Thus, 
4

15
x  

2

3

1
1

2

1
1

1
1





y

 

3

2
1  

Thus, 
3

5
y  

b 

3

5
4

15


y

x
 

So, 
54

315






y

x
 

Thus, 
4

9


y

x
 

But, 22
y

x
AB  

So, 4
4

9
AB  

Thus, 9AB  

2 

2

1

22128

2416 32





AI  

So, 
2

1

1122

322
7

398





AI  

            
 

2

1

112

3212
8

38





  

 

2

1
5

2

1

11

55

2

1

11

541










 

Hence,
2

9
AI  

But, 9AB  

Thus, 

2

9

2


AB
AI  

3 

In ABC we have: 

2

AB
AI  (proved) 

So, I is the midpoint of  AB   

 IJ is parallel to  BC  (given) 

 IJ cuts  AC at J  (given) 

Thus, J is the midpoint of  AC  (By 

converse of midpoint theorem in a : 

St. line issued from midpoint of a side 

and parallel to the 2
nd

 passes through 

the midpoint of the 3
rd

) 
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C 

1 

To prove BC is double AM we expand both  

    3
2

3
18

2

1
12

2
 xxxxBC  

       3
2

3

2
4144 22 

xx
xxx  

46  xBC  

     3131339  xxxxAM  

          31339
222  xxx  

23  xAM  
Thus, AMBC 2  

2 

In ABC we have: 

AMBC 2 (proved) 

So, M is the midpoint of  BC  

Then, AM is a median of  BC  

Thus, ABC is right at A (by converse 

of median relative the hypotenuse) 

II 

1 

a 

    

  102

446633

44163

2

22

2







xxxQ

xxxxx

xxxxxQ

 
The degree of  xQ is 2

nd
 since the 

highest power of the variable is 2 

b 
 xQ is a 2

nd
 degree polynomial in x , and it is defined for all real values of x since 

it is a polynomial(no variables in the lower part and no variable under the radical) 

c 
1x is a root of  xQ if   01 Q  

      101121
2

Q  

Hence,   011xQ  

Thus, 1x is not a root of  xQ  

d 

    

        
    2

22

2

2123

222123

44163







xxx

xxxx

xxxxxQ

 

So,         2122  xxxxQ  

Thus,     42  xxxQ  

e 

A root is a value of the variable that vanishes the expression. 

To find the roots of  xQ we solve   0xQ  

So,    042  xx  
If the product of two factors is zero then at least one of them is zero 

So,     0402  xorx  

Thus,  xQ admits the two distinct 

roots 4&2  xx  

2 

If 2x is a root of  xP  

Then,   02 P  

       122238222
2

 mP  

8840  m  

Thus, 4m  

3 

a 

    

 
63982

22382

12382

22

22

2







xxx

xxxx

xxxxP

 

Hence,   1492  xxxP  

Where, 14&9,1  cba  

b 

  1492  xxxP (proved) 

141492  xx  
Which is a 2

nd
 degree eqn in one unknown  

To solve it: we equate to zero then factorize 

092  xx  
  09  xx  

Thus the roots of the given equation are  
90  xorx  

c 

  1492  xxxP  

14
2

1
9

2

1

2

1
2








 


















P  

14
2

9

4

1

2

1









P  

Thus, 
4

75

2

1









P  
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d 

    

    
     123222

12322

12382

22

2







xxxx

xxx

xxxxP

 

So,         13222  xxxxP  

Thus,     72  xxxP  

4 

a  xF  represents a literal fraction, since there is a variable in its denominator. 

b 

 

x   xF  

2  
 

  
     0

0

52222

7222
2 




F , which admits 

infinite number of solutions 

3  
 

  
     11

4

53223

7323
3 




F , which admits 

a unique solution 

2

5
  

 
0

5
2

5
22

2

5

7
2

5
2

2

5

2
zeronon

F 

















 
















 




























 



which admits no solution 

Conclusion:  xF is defined for al real values of x except 
2

5
&2  xx  

c 

 
  
  
 
 52

7

522

72











x

x

xx

xx
xF

 

 
  2

1

52

7






x

x
 

So, 52142  xx  

Hence, 
4

9
x which is accepted, since it 

is in domain of  xF  

III 

1 

21

1010105

420

201005.1

22

2









AB

 

So, 
21

215
AB  

Thus, cmAB 5  

2 

a 

5

2
3

5

1

37

59

253

47

5

2
35

21

45

75

28 1












 BC

 
31

3
5

2

5

1

5

4



BC
 

Thus, cmBC 22  

b 
ACBCAB

sidesofsumPABC




 

But, ABC is isosceles A (given) 

So, ACAB  (legs of an iso. triangle) 

Hence, ABBCPABC   

                    
14

410




 

Thus, cmPABC

1104.1  (scientific notation) 
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3 

a 

 

b 

In BCMBCNs & we have: 

   CNBM & are respective heights of    ABAC & (given) 

So, 90ˆˆ  CMBCNB  

ABC is isosceles at A (given) 

So, ACBCBA ˆˆ  (base angles of an iso. triangle) 

 BC is a common side. 

Hence, BCMBCN & are equal by R.H.A property  

Thus, CMBN  (homologous elements) respectively 
 

c 

In ANM we have: 

ACAB  (proved) 

And, CMBN  (proved) 

But, MN & are on     ABAC & (given) 

Hence, AMAN  (by comparison) 

Thus, ANM is isosceles at  CMBN  (having 2 equal sides) 
 

4 

In quadrilateral BNCM we have: 

ANMABC & are two iso. triangles sharing same main vertex. 

And, MN & are on     ABAC & (given) 

So, CBAMNA ˆˆ   

Hence,    BCNM (equal corresponding angles are held by 

parallel lines) 

But, ACBCBA ˆˆ  (proved) 

Thus, BNCM is an isosceles trapezoid. 
 

5 a 

In quadrilateral BNCK we have: 

 CN  is a height of  AB (given) 

So,    ABCN   

And,    BKCN (given) 

So,    BKAB  (line perp. To one of 2 parallel lines is perp. to the other) 

And,    BKCK  (given) 

Thus, BNCK is a rectangle (having three right angles)  



 

Mathematics.                 Midterm exam                                              Page 5 of 5 

b 

In MCK we have: 

BNCM is an isosceles trapezoid (proved) 

So, MCBN  (legs of an iso. trapezoid) 

BNCK is a rectangle (proved) 

So, CKBN   (opp. Sides of a rect.) 

Hence, CKMC  (by comparison) 

Thus, MCK is isosceles at C (having 2 equal sides)  

6 

In NOC we have: 

BNCK is a rectangle of center O  (given) 

So, OCON  (half of equal diagonals in a rectangle) 

So, NOC is isosceles at O  (having 2 equal sides) 

But, F is the orthogonal projection of O on  NC  

So,  OF is a height relative to base  NC  

Then,  OF is a median to NC  (height issued from main 

vertex of an iso. triangle) 

So, F is the midpoint of  NC  

Hence, 
2

CK
OF   (midpoint theorem in NCK :segment 

joining midpoints of 2 sides of a triangle is half the 3
rd

 side) 

But, CKMC  (proved) 

Thus, 
2

MC
OF  (by substitution) 

 

 


